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Abstract
A singular direct product construction is presented for Steiner quadruple systems with a span-
ning block design. More constructions are also provided using Steiner systems S(3; k; v) and
other designs. Small orders for v = 40 and 52 are constructed directly. Some in1nite classes of
orders are also obtained.
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1. Introduction
A t-wise balanced design (t-BD) is a pair (X;B), where X is a 1nite set of points
and B is a set of subsets of X , called blocks with the property that every t-element
subset of X is contained in a unique block. If |X |= v and K is the set of block sizes,
we denote the t-BD by S(t; K; v).
A Steiner system S(t; k; v) is a t-BD with all blocks having size k, on a set of v
points. A Steiner quadruple system of order v, brie9y SQS(v), is an S(3; 4; v). It is
well known (see [8]) that an SQS(v) exists if and only if v≡ 2 or 4 (mod 6).
In a Steiner quadruple system (X;B), if B can be partitioned into disjoint subsets
B1; : : : ;Bs and A such that each (X;Bi) is an S(2; 4; v) for 16i6s, then the SQS is
called (as in [10]) s-fan, denoted by s-FSQS(v). In a 1-FSQS(v), the S(2; 4; v) is also
called (as in [5]) a spanning block design.
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The existence problem for 1-FSQS(v)s has received some attention. Hartman and
Phelps provided an open problem in [11]: Show that there exists an SQS(v) with a
spanning block design for all v≡ 4 (mod 12). It is also conjectured by Lindner (see [5])
that the answer to this open problem is yes.
The best known result on 1-FSQS(v)s is the in1nite class for v=4n (see [5, Theo-
rem 2.3]). For such orders there are even (v− 2)=2-fan SQS(v)s (see [3]). A result on
(v−2)=2-fan SQS(v)s for other orders was obtained by Teirlinck [18]. For convenience
we state their results in one theorem.
Theorem 1.1 (Baker [3] and Teirlinck [18]). There is a (v − 2)=2-fan SQS(v) when
v=4n, or v=2(qn + 1) for all n¿1 and q∈{7; 31}.
The Lindner’s conjecture on the existence of a Steiner quadruple system with a
spanning block design is now far from settled. Fu [5] proved a quadrupling construc-
tion that if there exists a 1-FSQS(v), then there exists a 1-FSQS(4v). Hartman and
Phelps [11] pointed out that if an S(3; 6; v) exists, then there exists a 1-FSQS(3v− 2).
For small orders, Phelps gave in [17] a construction to obtain a 1-FSQS(28). In this
paper, we provide a singular direct product construction for 1-FSQS(v)s in Section 2,
as a consequence, the quadrupling construction becomes a special case. In Section 3,
we give three more constructions using S(3; k; v)s and other designs. In Section 4, we
construct 1-FSQS(v)s for small orders, particularly for v=40; 52. Some in1nite classes
of orders are also given in Section 4.
2. Singular direct product construction
Let m be a positive integer and let X be a set of points. Let T= {T1; : : : ; Tm} be a
partition of X into disjoint sets Ti, which we will call the groups of T. By a transverse
of T we mean a subset of X that meets each Ti in at most one point.
An H design on T is de1ned to be a collection of k-element transverses of
T, called blocks, such that each t-element transverse is contained in exactly one of
them. If |T1|= · · ·= |Tm|= r, we denote it by H (m; r; k; t). In [14], Mills showed the
following.
Lemma 2.1. For m¿3, m =5, an H (m; r; 4; 3) exists if and only if rm is even and
r(m− 1)(m− 2) is divisible by 3. For m=5, an H (5; r; 4; 3) exists if r is divisible by
4 or 6.
An H (m; r; 4; 3) is called s-fan if its block set B can be partitioned into disjoint
subsets B1; : : : ;Bs and A such that each Bi is the block set of an H (m; r; 4; 2) for
16i6s. An H (4; r; 4; 2) is known as a transversal design TD(4; r). It is proved in [5]
that a P-cube of order v exists if there exist three mutually orthogonal Latin squares
of order v. Since a P-cube implies the existence of a 1-fan H (4; v; 4; 3) and also from
[1, Table 2.73] there exist three mutually orthogonal Latin squares of order v¿4 and
v =6; 10. Thus, we have the following.
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Lemma 2.2. For v¿4 and v =6; 10, there exists a 1-fan H (4; v; 4; 3).
We can now state the singular direct product construction for 1-FSQS. This con-
struction has been used by many authors, see [2,13] and is originally due to Hanani
(see [8]), as pointed out by Granville and Hartman [6].
Construction 2.3 (SDP). If there exist a 1-FSQS(v) with a subdesign 1-FSQS(w),
a (1 + w=4)-fan H (4; (v − w)=4; 4; 3) and a 1-FSQS(u), then there exists a
1-FSQS(u(v− w) + w).
Proof. Let (U;B) be a 1-FSQS(u), where (U;B0) is an S(2; 4; u) such that B0⊂B.
Take any block B in B. Let g=(v − w)=4 and s=w=4. If B =∈B0, we construct an
H (4; g; 4; 3) on B×G having groups {b}×G; b∈B, where |G|= g. If B∈B0, we
construct a (1 + s)-fan H (4; g; 4; 3) on B×G having groups {b}×G; b∈B. Thus, we
obtain a (1 + s)-fan H (u; g; 4; 3) on U ×G. Denote the block set of the H design by
A and the block sets of the 1 + s disjoint H (u; g; 4; 2)s by A0;A1; : : : ;As.
For 16i6s, adjoin a new point xi to each block B of Ai. For every such block
B∪{xi} of size 5, construct an H (5; 4; 4; 3) on {B∪{xi}}×Z4 having groups {b}×Z4,
b∈B∪{xi}. For every block B∈A and B =∈Ai, 16i6s, construct an H (4; 4; 4; 3)
on B×Z4 having groups {b}×Z4, b∈B. When B∈A0 the H (4; 4; 4; 3) should
be 1-fan. Such a 1-fan H (4; 4; 4; 3) exists from Lemma 2.2. We have obtained an H
design with groups W = {x1; : : : ; xs}×Z4 and {y}×G×Z4 for y∈U . Let C denote its
block set. This H design contains an H (u; 4g; 4; 2) on U ×G×Z4. Denote its block set
by C0.
On each {y}×G×Z4 for y∈U , let {Fy1 ; : : : ; Fy4g−1} be a one-factorization of a K4g.
For any two points y; y′∈U and for any 16j64g−1, take any pair {a; b} in Fyj and
any pair {c; d} in Fy′j to form a block {a; b; c; d}. Denote the set of all these blocks
by F.
By assumption, there exists a 1-FSQS(v) with a subdesign 1-FSQS(w). For y∈U ,
we may construct a 1-FSQS(v) on ({y}×G×Z4)∪W , having block set Dy, such that
the 1-FSQS(v) contains a subdesign 1-FSQS(w) on W , having block set E. We may
also assume that Dy contains a subset Dy0 which is the block set of an S(2; 4; v). Let
E0=E∩Dy0. Then, E0 is the block set of an S(2; 4; w). Denote D=
⋃
y∈U (Dy −E) and
D0=
⋃
y∈U (Dy0 − E0).
Let
L=C∪F∪D∪E
and
L0=C0∪D0∪E0:
It is a routine matter to see that L is the block set of an SQS(u(v − w) + w) based
on the set (U ×G×Z4)∪W , which has a spanning block design with block set L0.
This completes the proof.
When w=0 in Construction 2.3, we have the direct product construction.
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Lemma 2.4 (DP). If there exist a 1-FSQS(u) and a 1-FSQS(v), then there exists a
1-FSQS(uv).
Proof. Apply Construction 2.3 with w=0, where a 1-fan H (4; v; 4; 3) always exists
from Lemma 2.2.
The known quadrupling construction becomes a special case when u=4 in
Lemma 2.4.
Corollary 2.5 (Fu [5]). If there exists a 1-FSQS(v), then there exists a 1-FSQS(4v).
To apply Construction 2.3 we need some s-fan H (4; g; 4; 3)s. We 1nd that diNerence
matrices are useful here. Let G be an abelian group of order g. A (g; k; $)-di6erence
matrix is a k × g$ matrix D=(dij) with entries from G, so that for each 16i¡j6k,
the multiset
{dil − djl : 16l6g$}
contains every element of G $ times.
Lemma 2.6. If there exists a (g; 4; 1)-di6erence matrix, then there exists a g-fan
H (4; g; 4; 3).
Proof. Let M =(mij) be the given (g; 4; 1)-diNerence matrix over group G. For t∈G,
M (t) = (m(t)ij ) is also a (g; 4; 1)-diNerence matrix, where m
(t)
ij =mij for i=1; 2 and m
(t)
ij =
mij + t for i=3; 4. It is well known that for any t∈G, there exists a TD(4; g) on
set Z4×G with blocks {(0; h + m(t)1j ); (1; h + m(t)2j ); (2; h + m(t)3j ); (3; h + m(t)4j )}, h∈G,
16j6g. The blocks of the g TD(4; g)s together form the block set of the desired
g-fan H (4; g; 4; 3).
Take any three points from the distinct groups, say (1; x); (2; y); (3; z) (other cases can
be proved similarly). We want to determine a point (0; w) such that {(0; w); (1; x); (2; y);
(3; z)} is a block in tth TD(4; g). Let
w= h+ m1j;
x= h+ m2j;
y= h+ m3j + t;
z= h+ m4j + t:
From the last two equations, we get y− z=m3j−m4j. Since M is a (g; 4; 1)-diNerence
matrix, we can determine j uniquely. Therefore, the elements on the jth column of M
are all known. By the second equation we determine h= x − m2j. Thus, w and t
can be computed from the 1rst and the last equations, respectively. The proof is
complete.
A (q; 4; 1)-diNerence matrix cannot exist for q≡ 2 (mod 4) (see [4, Theorem 11.4]).
From [1] we have a (3p; 4; 1)-diNerence matrix for p∈{5; 7; 11; 17} or p=4; 8. For
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p=13 such a matrix exists from [15]. Since the set {1; 6; 7; 9; 19; 38; 42; 49} in Z57 is
a diNerence set with parameters (57; 8; 1), by [4, Theorem 11.29] a (3p; 4; 1)-diNerence
matrix exists for p=19. For any prime power q¿4, a (q; 4; 1)-diNerence matrix exists
from Theorems 11.5 and 11.3 in [4]. If there exist a (g; 4; 1)-diNerence matrix over G
and a (g′; 4; 1)-diNerence matrix over G′, then by [4, Theorem 11.25] there exists a
(gg′; 4; 1)-diNerence matrix over G×G′. We can now state the following.
Lemma 2.7. There exist a (g; 4; 1)-di6erence matrix and a g-fan H (4; g; 4; 3) if g≡ 0
(mod4) or g is a product of some integers taken from the set {q¿5: q is an odd
prime power}∪{3p: p is an odd prime in [5,19]}.
3. More constructions
We de1ne another kind of design as in [14]. As before let T be a collection
{T1; : : : ; Tm} of disjoint r-element sets which are called groups. Let S denote the union.
A G(m; r; 4; 3) on T consists of a family, Q1; : : : ; Qb, of quadruples of elements of S,
such that each 3-element subset of S is contained in exactly one of the sets
T1; : : : ; Tm; Q1; : : : ; Qb:
A G(m; r; 4; 3) is called s-fan if the block set {Q1; : : : ; Qb} contains s disjoint subsets
B1; : : : ;Bs such that each Bi is the block set of an H (m; r; 4; 2) having the same groups
T1; : : : ; Tm.
Construction 3.1. If there exist an S(3; k; u), a 1-FSQS(v), an H (k; v; 4; 3) and a 1-fan
G(k − 1; v; 4; 3), then there exists a 1-FSQS((u− 1)v).
Proof. Let (U;B) be the given S(3; k; u). Take a point x in U and denote by Bx the set
of all blocks containing x. Let OB= {B−{x}: B∈Bx}. It is obvious that (U −{x}; OB)
is an S(2; k−1; u−1). Also, (U −{x}; (B−Bx)∪ OB) is a 3-BD S(3; {k−1; k}; u−1).
For each block B in the 3-BD, construct an H (k; v; 4; 3) on B×Zv having groups
{b}×Zv; b∈B when B∈B−Bx, or a 1-fan G(k−1; v; 4; 3) when B∈ OB. Let CB denote
the block set of the H (k; v; 4; 3) or the 1-fan G(k − 1; v; 4; 3). Denote by CB0 the block
set of the H (k − 1; v; 4; 2) in the 1-fan G(k − 1; v; 4; 3).
Let D=
⋃
B∈((B−Bx)∪ OB) CB, and D0=
⋃
B∈ OB CB0. It is checked that D0⊂D and D0 is
the block set of an H (u− 1; v; 4; 2) on (U − {x})×Zv. Thus, D is the block set of a
1-fan G(u− 1; v; 4; 3) on the same set.
For y∈U − {x}, construct a 1-FSQS(v) on {y}×Zv. Denote its block set by
Ay with subset Ay0 as the block set of an S(2; 4; v). Let A=
⋃
y∈U−{x}Ay and
A0=
⋃
y∈U−{x}Ay0.
Denote
E=D∪A
and
E0=D0∪A0:
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Let X =(U − {x})×Zv. It is routine to see that (X;E) is an SQS((u − 1)v) and that
(X;E0) is an S(2; 4; (u− 1)v). The proof is complete.
The next construction is essentially the tripling construction mentioned by Hartman
and Phelps in [11].
Construction 3.2. If there exist an S(3; k; u), a 1-FSQS(3k − 2) and an H (k; 3; 4; 3),
then there exists a 1-FSQS(3u− 2).
Proof. As in Construction 3.1, let (U;B) be the given S(3; k; u) and take a point x
in U to get an S(2; k − 1; u − 1) (U − {x}; OB) and a 3-BD S(3; {k − 1; k}; u − 1)
(U − {x}; (B − Bx)∪ OB), where Bx is the set of all blocks in B containing x and
OB= {B− {x}: B∈Bx}.
For each block B∈B − Bx, construct an H (k; 3; 4; 3) on B×Z3 having groups
{b}×Z3; b∈B. Denote its block set by CB. For B∈ OB, construct a 1-FSQS(3k−2) on
(B×Z3)∪{x} such that for each y∈B, ({y}×Z3)∪{x} is a block of the subdesign
S(2; 4; 3k − 2). Denote their block sets by CB and CB0, respectively.
Let F= {({y}×Z3)∪{x}: y∈U − {x}}. Denote
D=
( ⋃
B∈(B−Bx)∪ OB
(CB −F)
)
∪F
and
D0 =
( ⋃
B∈ OB
(CB0 −F)
)
∪F:
Let X =((U −{x})×Z3)∪{x}. Then (X;D) is the desired SQS(3u−2) and (X;D0)
is its subdesign S(2; 4; 3u− 2). This completes the proof.
As de1ned in [11], if an SQS(u) (U;B) contains a subdesign S(2; 4; u−1) (U−{x};
B0) such that x∈U and B0⊂B, then the subdesign is said to be an almost spanning
block design. We call the SQS(u) almost 1-fan, denoted by 1-AFSQS(u). The next
construction involves the use of a 1-AFSQS(u).
Construction 3.3. If there exist a 1-AFSQS(u) and a 1-FSQS(v), then there exists a
1-FSQS((u− 1)(v− 4) + 4).
Proof. Let (U;B) be the given 1-AFSQS(u) having the subdesign S(2; 4; u − 1)
(U − {x};B0) such that x∈U and B0⊂B. Let Bx= {B∈B: x∈B}.
For each B∈B−Bx, construct an H (4; m; 4; 3) on B×Zm, m= v− 4, having groups
{b}×Zm; b∈B which exists from Lemma 2.1. Denote its block set by CB. If B∈B0,
we use a 1-fan H (4; m; 4; 3) instead, which exists from Lemma 2.2. In this case, denote
the block set of the H (4; m; 4; 2) by CB0.
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For each block B∈Bx, construct an SQS(3m + 4) on ((B − {x})×Zm)∪W having
block set CB, where W = {x1; x2; x3; x4} such that each xi is not in U ×Zm. Since
there exists an SQS(m + 4) from assumption, such an SQS(3m + 4) exists from [10,
Theorem 5.3]. Furthermore, the SQS(3m+4) contains a subdesign, i.e. a 1-FSQS(m+4)
on each ({y}×Zm)∪W for y∈B−{x} such that W is always a block. Denote by Dy
the block set of the 1-FSQS(m+ 4) on ({y}×Zm)∪W . Let Dy0 denote the block set
of the subdesign S(2; 4; m+4) which also contains the block W . Let DB=
⋃
y∈B−{x}Dy.
Let
E=
(⋃
B∈B−Bx
CB
)
∪
(⋃
B∈Bx
(CB −DB)
)
∪
(⋃
y∈U−{x}(Dy − {W})
)
∪{W}
and
E0 =
(⋃
B∈B0
CB0
)
∪
(⋃
y∈U−{x}(Dy0 − {W})
)
∪{W}:
Denote X =((U−{x})×Zm)∪W . Then (X;E) is the desired SQS((u−1)(v−4)+4)
and (X;E0) is its subdesign S(2; 4; (u− 1)(v− 4) + 4). This completes the proof.
To obtain more 1-AFSQS needed in Construction 3.3, we have the following similar
construction, which is also a kind of singular direct product construction.
Construction 3.4. If there exist a 1-AFSQS(v) with a subdesign 1-AFSQS(w) and a
1-AFSQS(u), then there exists a 1-AFSQS((u− 1)(v− w) + w).
Proof. Let (U;B) be the given 1-AFSQS(u) having a subdesign S(2; 4; u−1) (U−{x};
B0) such that x∈U and B0⊂B. Let Bx= {B∈B: x∈B}.
For each B∈B−Bx, construct an H (4; m; 4; 3) on B×Zm, m= v−w, having groups
{b}×Zm, b∈B, which exists from Lemma 2.1. Denote its block set by CB. If B∈B0,
we use a 1-fan H (4; m; 4; 3) instead, which exists from Lemma 2.2. In this case, denote
the block set of the H (4; m; 4; 2) by CB0.
For each block B∈Bx, construct an SQS(3m+ w) on ((B− {x})×Zm)∪W having
block set CB, where W = {y1; y2; : : : ; yw−1; z} such that z and all yi are not in U ×Zm.
Since there exists a 1-AFSQS(m+ w) from assumption, such an SQS(3m+ w) exists
from [10, Theorem 5.3]. Furthermore, the SQS(3m + w) contains a subdesign, i.e. a
1-AFSQS(m+w) on each ({y}×Zm)∪W for y∈B−{x} such that a 1-AFSQS(w) on
W is always a subdesign. Let Dw denote the block set of the 1-AFSQS(w) on W and
Dz the block set of the subdesign S(2; 4; w − 1). Let Dy denote the block set of the
1-AFSQS(v) on ({y}×Zm)∪W , which contains Dw. Let Dy0 denote the block set of
the subdesign S(2; 4; v − 1), which contains Dz. Let DB=
(⋃
y∈B−{x}(Dy −Dw)
)
∪Dw.
Let
E=
( ⋃
B∈B−Bx
CB
)
∪
( ⋃
B∈Bx
(CB −DB)
)
∪
( ⋃
y∈U−{x}
(Dy −Dw)
)
∪Dw
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and
E0 =
( ⋃
B∈B0
CB0
)
∪
( ⋃
y∈U−{x}
(Dy0 −Dz)
)
∪Dz :
Denote X =((U−{x})×Zm)∪W . Then (X;E) is the desired SQS((u−1)(v−w)+w)
and (X − {z};E0) is its subdesign S(2; 4; (u− 1)(v− w) + w − 1). This completes the
proof.
When w=1, we have the following.
Corollary 3.5. If there exist both a 1-AFSQS(u) and a 1-AFSQS(v), then there exists
a 1-AFSQS((u− 1)(v− 1) + 1).
4. In$nite classes
We 1rst give two examples of SQS(v) with an almost spanning block design for
orders v=26 and 38. As pointed out in [11] the existence of an SQS(v) of order
v≡ 2 (mod 12) with an almost spanning block design is completely open, we believe
that these two examples are new results. From them we can obtain an in1nite class
for 1-AFSQS(v)s in Lemma 4.3.
Lemma 4.1. There is an SQS(26) with an almost spanning block design.
Proof. Let G=(GF(25);+), where the primitive polynomial f(x)= x2 + x+2 is used
to generate the 1eld. Let 0 be a primitive element of the 1eld. Denote the 1eld elements
0, 01; 02; : : : ; 024 by 0; 1; 2; : : : ; 24. We 1rst construct an S(2; 4; 25) (G;B), where B is
generated by the following two initial blocks under G:
0 1 2 6 0 4 8 17:
Then, we construct under G an SQS(26) on G∪{∞} with the above two and the
following initial blocks:
0 1 3 ∞
0 1 5 22
0 1 12 15
0 2 10 22
0 4 6 19
0 2 5 ∞
0 1 7 17
0 1 14 16
0 2 12 24
0 4 12 21
0 6 11 ∞
0 1 8 20
0 1 18 23
0 3 7 24
0 4 18 24
0 7 9 ∞
0 1 9 19
0 2 3 21
0 3 8 16
0 5 11 20:
0 1 4 10
0 1 11 21
0 2 7 15
0 3 9 10
Lemma 4.2. There is an SQS(38) with an almost spanning block design.
Proof. We 1rst construct an S(2; 4; 37) (Z37;B), where B is generated by the following
three initial blocks under Z37:
0 1 3 24 0 4 9 15 0 7 17 25:
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Then, we construct an SQS(38) on Z37∪{∞} under Z37 with the above three and the
following initial blocks:
0 1 4 ∞
0 10 22 ∞
0 1 13 15
0 1 25 34
0 2 13 22
0 2 18 33
0 3 9 32
0 3 18 25
0 4 11 30
0 5 10 31
0 6 12 24
0 2 8 ∞
0 1 2 6
0 1 14 18
0 1 33 35
0 2 14 34
0 2 20 28
0 3 10 15
0 3 22 30
0 4 12 26
0 5 12 20
0 6 15 27
0 5 18 ∞
0 1 7 8
0 1 16 17
0 2 7 9
0 2 15 26
0 3 6 19
0 3 11 14
0 3 27 33
0 4 13 20
0 5 13 29
0 6 20 30
0 7 21 ∞
0 1 9 10
0 1 19 23
0 2 10 12
0 2 16 21
0 3 7 20
0 3 12 21
0 4 8 29
0 4 14 32
0 5 15 24
0 7 14 23:
0 9 20 ∞
0 1 11 12
0 1 20 32
0 2 11 19
0 2 17 31
0 3 8 31
0 3 13 23
0 4 10 21
0 4 16 27
0 5 16 22
Lemma 4.3. There exists a 1-AFSQS(25m37h + 1) for any integer m; h¿0 and
m+ h¿1.
Proof. Apply Corollary 3.5 with the known 1-AFSQS(26) and 1-AFSQS(38) from
Lemmas 4.1 and 4.2.
We can now apply Construction 3.3 to get an in1nite class for 1-FSQS(v)s.
Theorem 4.4. Let n; m; h be nonnegative integers. Suppose v=4n; n¿2, or v=
2(qn + 1) for q∈{7; 31}; n¿1. Then, there exists a 1-FSQS(s(v − 4) + 4) for
s=25m37h, m+ h¿1.
Proof. Apply Construction 3.3 with the required 1-AFSQS(u) from Lemma 4.3 and
the 1-FSQS(v) from Theorem 1.1.
Lemma 4.5. There exist a 1-FSQS(40), a 1-fan H (10; 4; 4; 3) and a 1-fan G(10; 4;
4; 3).
Proof. We 1rst construct a 1-fan H (10; 4; 4; 3) on Z40 with the groups {i; 10 + i;
20 + i; 30 + i} for 06i69. The initial blocks under Z40 are listed below, where the
three underlined blocks generate the block set of a 4-GDD of type 410.
0 1 2 6
0 1 19 22
0 2 11 35
0 2 31 37
0 3 15 31
0 4 12 17
0 5 12 23
0 6 23 31
0 1 3 9
0 1 27 29
0 2 15 36
0 3 6 28
0 3 16 27
0 4 15 27
0 5 13 26
0 7 15 22
0 1 7 8
0 1 28 35
0 2 17 19
0 3 7 36
0 3 17 26
0 4 16 31
0 5 18 27
0 7 19 26
0 1 12 14
0 1 32 37
0 2 18 26
0 3 8 32
0 3 19 24
0 4 22 28
0 5 19 31
0 1 4 13
0 1 15 16
0 1 36 38
0 2 21 34
0 3 11 29
0 4 8 25
0 4 23 32
0 6 17 24
0 2 7 24
0 1 17 18
0 2 9 16
0 2 27 33
0 3 14 18
0 4 9 18
0 5 11 17
0 6 21 32
0 6 14 25:
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By adding blocks from the one-factorizations of all groups we obtain a 1-fan
G(10; 4; 4; 3). Since each group has size 4, this 1-fan G(10; 4; 4; 3) leads to a
1-FSQS(40).
Lemma 4.6 (Hartman and Phelps [11]). There exist a 1-FSQS(28) and a 1-fan
G(7; 4; 4; 3).
Proof. We follow the method mentioned in [17] to reconstruct a 1-FSQS(28). The
design is based on the point set X =Z7×Z4. We 1rst construct over X an S(2; 4; 28)
with the following initial blocks modulo (7;−), where (a; i) is denoted by ai:
00203141
20601232
02322343
40502363
00615233
11314252
00513263
21614353:
00010203
Next, we construct two SQS(14)s over the point set V1 =Z7×{0; 1} and V2 =Z7×
{2; 3}. Denote their block sets by B1 and B2. Their initial blocks are listed as follows:
00102141
00102040
00300131
00604151
00105031
00100111
00203141
00213151
00200121:
00504161
00302161
00301141
21415161
02125243
02122333
02330333
02624353
02223353
02120313
02221343
02321353
02220323:
02334363
02322343
02122242
23435363
We shall use the well known doubling construction to obtain an SQS(28) from the
two SQS(14)s, such that the above S(2; 4; 28) becomes a subdesign.
De1ne a one-factorization on V1 F= {F1; F2; : : : ; F13}, where
Fi = {k0(k + i)1: k∈Z7}; i=1; : : : ; 6;
F7 = {0001; 1030; 2060; 4050; 1131; 2161; 4151};
Fi+7 =F7 + i; i=1; : : : ; 6:
De1ne similarly a one-factorization on V2 F′= {F ′1 ; F ′2 ; : : : ; F ′13}, where
F ′i = {k2(k + i)3: k∈Z7}; i=1; : : : ; 6;
F ′7 = {0203; 1232; 2262; 4252; 1333; 2363; 4353};
F ′i+7 =F
′
7 + i; i=1; : : : ; 6:
We establish an isomorphism 2 between F and F′ such that
2(F3)=F ′6 ;
2(F6)=F ′5 ;
2(F5)=F ′3 ;
2(Fi)=F ′i for i=1; 2; 4; 7; : : : ; 13:
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Then, we construct an SQS(28) by doubling construction. For each Fi in F, we
form a block {a; b; c; d} if {a; b}∈Fi and {c; d}∈2(Fi). Denote all such blocks by
B(Fi; 2(Fi)). Let B3=
⋃
16i613 B(Fi; 2(Fi)). The doubling construction guarantees that
the union B1∪B2∪B3 is the block set of the desired SQS(28). It is left to check that
the SQS(28) contains all the blocks of the given S(2; 4; 28).
In fact, the 1rst two underlined initial blocks of the S(2; 4; 28) occur as the ini-
tial blocks of the two SQS(14)s. The third initial block generates 7 blocks all con-
tained in B(F6; 2(F6)). The fourth initial block generates 7 blocks all contained in
B(F5; 2(F5)). The remaining 1ve initial blocks all occur in B(F7; 2(F7)). When develop-
ing these 1ve initial blocks modulo (7;−), all the blocks thus generated are contained
in
⋃
76i613 B(Fi; 2(Fi)).
To see that this 1-FSQS(28) is also a 1-fan G(7; 4; 4; 3), we note that the initial
block 00010203 of the S(2; 4; 28) generates 7 disjoint blocks. Using them as groups we
obtain the desired 1-fan G(7; 4; 4; 3).
Remark. In a 1-FSQS(28), we may add a new point to each block of the sub-
design S(2; 4; 28) to obtain an S(3; {4; 5}; 29). Thus we can remove the value 29 from
Theorem 11 in [9]. This theorem is restated in more recent notation in [12, Theo-
rem 49.25], which can be updated as follows: If v¿4, then v∈B3({4; 5; 6; 7; 9; 11; 13; 15;
19; 23; 27; 31}; 1).
Lemma 4.7. There exist a 1-FSQS(52) and a 1-fan G(13; 4; 4; 3).
Proof. The design is based on the point set X =Z26×Z2. Construct an S(2; 4; 52) on
X with the block set
A= {{ki; (2 + k)i ; (6 + k)i ; (18 + k)i}: k∈Z26; i∈Z2}
∪{{(2k)0; (2i + 1 + 2k)0; (4i + 2k)1; (6i + 1 + 2k)1}: k∈Z13; i∈Z13}:
Next, we construct two SQS(26)s over the point set V0 =Z26×{0} and V1 =Z26×
{1}. Denote their block sets by B0 and B1. They have the common initial blocks
modulo 26, if omitting the subscripts, which are listed below:
0 2 6 18
0 1 11 23
0 2 8 15
0 3 10 20
0 5 11 17:
0 1 2 4
0 1 12 17
0 2 9 23
0 3 11 22
0 1 5 6
0 1 14 16
0 2 14 21
0 3 13 18
0 1 7 8
0 1 15 24
0 2 16 20
0 3 15 21
0 1 9 13
0 2 5 10
0 2 19 22
0 4 8 13
0 1 10 18
0 2 7 11
0 3 6 19
0 4 11 20
De1ne a one-factorization on V =Z26 D= {D0; : : : ; D12; D14; : : : ; D25}, where
D0 = {{0; 13}; {k; 26− k}: k =1; : : : ; 12};
D2i = {{a+ 2i; b+ 2i}: {a; b}∈D0}; i=1; 2; : : : ; 12;
D2i+1 = {{2k; 2k + 2i + 1}: k =0; 1; : : : ; 12}; i=0; : : : ; 5; 7; : : : ; 12:
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Let Fi = {{a0; b0}: {a; b}∈Di} and F ′i = {{a1; b1}: {a; b}∈Di}. We obtain the one-
factorizations on V0 and V1 F= {F0; : : : ; F12; F14; : : : ; F25} and F′= {F ′0 ; : : : ; F ′12; F ′14; : : : ;
F ′25}. We establish an isomorphism 2 between F and F′ such that
2(F2i+1)=F ′2i+1 for i=0; : : : ; 5; 7; : : : ; 12;
2(F2i)=F ′2i−2 for i=0; : : : ; 12:
Let B(Fi; 2(Fi))= {{a; b; c; d}: {a; b}∈Fi; {c; d}∈2(Fi)} and B2=
⋃
Fi∈F B(Fi; 2(Fi)).
The doubling construction guarantees that the union B0∪B1∪B2 is the block set of
the desired SQS(52). It is left to check that the SQS(52) contains all the blocks of the
given S(2; 4; 52).
In fact, the blocks in the 1rst part of A occur in B0∪B1 because of the initial block
{0; 2; 6; 18} contained in the SQS(26). The blocks in the second part of A occur in
B2 because the block {(2k)0; (2i+1+ 2k)0; (4i+2k)1; (6i+1+ 2k)1} is contained in
B(F2i+1; 2(F2i+1)) when i =6, or in B(F2k ; 2(F2k)) when i=6.
To see that this 1-FSQS(52) is also a 1-fan G(13; 4; 4; 3), we note that B(F1; 2(F1))
contains the blocks {(2k)0; (2k + 1)0; (2k)1; (2k + 1)1} for k∈Z13, which partition X .
Using the 13 disjoint blocks as groups we obtain the desired 1-fan G(13; 4; 4; 3).
Before we can state more in1nite classes we need some S(3; k; v). The best known
such designs are the following.
Lemma 4.8 (Hanani [9, Theorem 6]). For any prime power q and any integer n¿2,
there exists an S(3; q+ 1; qn + 1).
For k =6 we further have the following.
Lemma 4.9 (Hanani [7;Lemma 6:1]). (1) There exists an S(3; 6; 22).
(2) [7, Theorem 6.2] If there exists an S(3; 6; v), then there exists an S(3; 6; 4v−2).
The following product construction is also known.
Lemma 4.10 (MohQacsy and Ray-Chaudhuri [16, Theorem 4.6]). Let q be a prime
power. If an S(3; q+ 1; v+ 1) and an S(3; q+ 1; w + 1) both exist, then there exists
an S(3; q+ 1; vw + 1).
We can now apply Construction 3.1 to obtain in1nite classes.
Theorem 4.11. There exists a 1-FSQS(4mqn) for q∈{7; 13} and for any integer m;
n¿1.
Proof. The case m= n=1 comes from Lemmas 4.6 and 4.7. For n¿2, apply Con-
struction 3.1 with an S(3; q + 1; qn + 1) from Lemma 4.8. Take v=4 in Construc-
tion 3.1. The required H (q+1; 4; 4; 3) and 1-fan G(q; 4; 4; 3) come from Lemma 2.1 and
Lemmas 4.6–4.7, respectively. This gives a 1-FSQS(4qn). The conclusion then follows
from the quadrupling construction of Corollary 2.5.
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We can now apply Construction 3.2 to obtain more in1nite classes.
Theorem 4.12. There exists a 1-FSQS(3qn+1) for q∈{5; 9; 13; 17} and for any integer
n¿1.
Proof. The case n=1 comes from Theorem 1.1, Lemmas 4.5–4.7. For n¿2, apply
Construction 3.2 with an S(3; q+1; qn+1) from Lemma 4.8. Since an H (q+1; 3; 4; 3)
exists from Lemma 2.1, a 1-FSQS(3qn + 1) exists by Construction 3.2.
Theorem 4.13. There exists a 1-FSQS(3 · 5n · 21m + 1) for any integer n; m¿0 and
n+ m¿1.
Proof. From Lemmas 4.8 and 4.9 there exist an S(3; 6; 5n + 1) and an S(3; 6; 22).
Applying Lemmas 4.10 repeatedly we obtain an S(3; 6; 21m+1) and then an S(3; 6; 5n ·
21m + 1). Now we can apply Construction 3.2 to obtain the desired 1-FSQS(3 · 5n ·
21m + 1).
Finally, we can apply Construction 2.3 to obtain another in1nite class of 1-FSQS(v)s.
Theorem 4.14. If there exists a 1-FSQS(u), then there exists a 1-FSQS(4gu+ 4) for
g∈{9; 12; 15}.
Proof. In Construction 2.3, take w=4 and v=4g + w. From Lemmas 4.5 and 4.7
and Theorem 1.1, there exists a 1-FSQS(4g+ w) with a subdesign 1-FSQS(w). Now,
1 + w=4=2 and a 2-fan H (4; g; 4; 3) exists from Lemma 2.7. The conclusion then
follows from Construction 2.3.
5. Concluding remarks
We have given direct and recursive constructions for 1-FSQS(v)s. In1nite classes
are stated in Theorems 4.4 and 4.11–4.14. Although the Lindner’s conjecture has not
been solved, all the small orders below 112 can be solved now except one order of
v=88 left undecided. We state this in Table 1.
The g-fan H (4; g; 4; 3) design has played an important role in our recursive con-
structions. Lemma 2.6 shows how to get a g-fan H (4; g; 4; 3) from a (g; 4; 1)-diNerence
matrix. So, the existence problem for either a g-fan H (4; g; 4; 3) or a (g; 4; 1)-diNerence
matrix is interesting for further study.
Hartman and Phelps asked in [11] the following open problem: Does there ex-
ist an SQS(v), v≡ 2 (mod 12) with an almost spanning subdesign with parameters 2-
(v − 1; 4; 1)? Our Lemma 4.3 provided an in1nite class for such 1-AFSQS(v)s.
Such a 1-AFSQS(v) has been used to obtain in1nite classes for 1-FSQS in
Theorem 4.4. Therefore, it is also an interesting problem to determine the spectrum for a
1-AFSQS(v).
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Table 1
Small orders for 1-FSQS(v)s
v Existence Source
4 Yes Trivial
16 Yes Theorem 1.1
28 Yes Lemma 4.6
40 Yes Lemma 4.5
52 Yes Lemma 4.7
64 Yes Theorem 1.1
76 Yes Theorem 4.12
88 Undecided
100 Yes Theorem 1.1
112 Yes Corollary 2.5, Lemma 4.6
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Note added in proof
It has been proved recently by the 1rst author that a 1-FSQS(v) exists if and only
if v=12k + 4 is a positive integer [19].
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